We describe quantum and classical Hamiltonian dynamics in a common Hilbert space framework, that allows the treatment of mixed quantum-classical systems. The analysis of some examples illustrates the possibility of entanglement between classical and quantum systems. We give a summary of the main tools of Berezin-Toeplitz and geometric quantization, that provide a relation between the classical and the quantum models, based essentially on the selection of a subspace of the classical Hilbert space. Coherent states provide a systematic tool for the inverse process, called dequantization, that associates a classical Hamiltonian system to a given quantum dynamics through the choice of a complete set of coherent states.
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I. INTRODUCTION
In order to describe the dynamics of a bipartite system, in which one part is quantum and the other one is classical, we have to describe the classical and quantum systems in a common mathematical framework. The construction is guided by the idea that we can consider the classical system as a limit, and as a particular case, of a quantum system. The framework we consider is provided by the Koopman-von Neumann [1, 2] representation of classical mechanics combined with a quantization procedure of the Berezin-Toeplitz type.
This construction is to be distinguished from models in which the coupling between a classical system (e.g. a classical electromagnetic field) and a quantum system composed of many identical atoms is described by a coupling involving the average of some quantum observable (e.g. the electric dipole moment). This type of effective models is useful e.g.
to describe the induced classical field produced by a large number of atoms excited by the initial electromagnetic wave. It is implicitly assumed that the quantum average provides an effective description of the collective retroaction of the atoms on the classical system. The models we discuss in this article are meant to describe the dynamics of a single quantum system in interaction with a single classical object. A prototypical example is a model for the Stern-Gerlach experiment in which the motion of the center of mass of the atom is treated classically and the spin is treated quantum mechanically.
In Section II we summarize the mathematical framework of quantum dynamics. In Section III we describe a formulation of classical mechanics in a Hilbert space framework, on the basis of the formulation of Koopman and von Neumann. Once classical and quantum dynamics are formulated in the same mathematical framework, in Section IV we describe the formalism to treat mixed systems, in which one part is classical and another one is quantum. We illustrate this formalism with a simplified model for the Stern-Gerlach experiments, in which the motion of the center of mass is considered as classical and the spin quantum mechanical. Section V presents with a minimum of mathematical formalism some of the main ideas of geometric and Berezin-Toeplitz quantization. This allows to establish a well-defined relation between classical and quantum models. The main idea is that one can obtain quantum models from the Koopman -von Neumann representation of classical dynamics in a Hilbert space just by selecting a suitable subspace of the classical Hilbert space. In Section VI we describe the inverse process, called dequantization, in which start-ing with a given quantum system and a set of coherent states one constructs a classical phase space and Hilbert space, a corresponding polarization subspace, classical observables and a classical dynamics.
II. HILBERT SPACE FRAMEWORK OF QUANTUM DYNAMICS
A quantum dynamical system is defined by the following elements:
(i) A separable Hilbert space H.
(ii) An algebra of observables A and a representation ρ(A) as linear operators on the Hilbert space H. The physical observables are given by the self-adjoint elements.
(iii) The dynamics, in the Heisenberg representation, is defined by a derivation operator DĤ, that acts on the algebra ρ(A). The derivation is constructed from the Hamiltonian H, which is a particular self-adjoint element of the algebra A. The derivation DĤ can be expressed in terms of the commutator with a linear operatorĤ acting on the Hilbert space
]. The Heisenberg equation for an observableÂ can be written as
(iv) The HamiltonianĤ defines also the dynamics of the states ψ ∈ H in the Schrödinger picture, by
We remark that, in order to prepare a common notation with the classical systems, all the dependence on Planck's constant is attached to the operators.
III. HILBERT SPACE FRAMEWORK OF CLASSICAL DYNAMICS
The Koopman-von Neumann [1] [2] [3] formalism is a representation of classical dynamics on a phase space M in terms of a Hilbert space of square integrable functions
with respect to a measure dµ. The classical observables, which are differentiable functions f : M → C are represented on L K by a commutative algebra of multiplication operators
In order to simplify the notation we will sometimes write f instead of M f .
A. Koopman-Schrödinger representation
The classical time evolution is determined by a Hamilton function H cl (z), where we denote the local coordinates by
Hamiltonian flow, denoted by z(t) = Φ t (z 0 ), which satisfies the classical Hamilton equations dp dt
which can be written as
can be used to define a unitary flow on the Koopman Hilbert space [1, 2, 39] :
). We will use a slightly different unitary flow, which we will call Koopman-Schrödinger flow, that includes a time-dependent phase:
where the function Λ H cl (p, q) will be chosen as [4] [5] [6] [7] 
The flow (2) Its numerical value has to be determined by comparison between the predictions of the quantum or of the mixed models with the corresponding experimental measurements.
The interpretation of the classical wave function ξ(p, q, t) is that ρdµ := |ξ(p, q, t)| 2 dµ gives the probability density at time t for a particle to have a momentum p and a position q.
This interpretation comes from the fact that ρ is a real positive function that satisfies the Liouville equation
= −{H cl , ρ}, which is the equation that describes the time evolution of the probability densities ρ in phase space defined by the flow of Eqs. (1) . Indeed Eq (2) implies that ρ(z, t) = ρ 0 (Φ −(t−t 0 ) (z)), with ρ 0 := |ξ 0 | 2 , and thus For a purely classical system this global phase δ(z, t) is thus irrelevant since it is the square of the absolute value |ξ(z, t)| 2 that gives all the physically relevant quantities. We will see that the analogue of the phase term plays an essential role in the description of quantum systems and of mixed classical-quantum systems.
By Stone's theorem [39] , this unitary flow has a selfadjoint generator G H cl , i.e. it can be written as
The dynamics of the vectors of the Hilbert space satisfies therefore the following Schrödinger type equation, which we will call the Koopman-Schrödinger equation:
The generator G H cl can be written explicitly as the sum of three operators
or explicitly,
whereM 
The dynamics of the classical system defined by Eq. (6) is called prequantum dynamics,
since, as we we will discuss in Section V C, it is the starting point for the construction of the quantum dynamics in the framework of geometric quantization [4] [5] [6] . The motivation for the addition of the termsM H cl andM Λ H cl in (8) is:
would lead to G f (z)=1 = 0, which would not allow a systematic construction of the dynamics of mixed systems.
The motivation of the choice (4) for Λ H cl is that the operator ∇ H cl := M Λ H cl + X H cl can be interpreted as a covariant derivation associated to H cl [4, 7] , and as a consequence G g satisfies
Remarks: 1) The action of the Poisson brackets is defined both on the algebra of observables (functions f ∈ A, and their representation as multiplication operators ρ(f ) = M f ) and on the (differentiable) vectors of the Koopman Hilbert space L K .
2) The operators M H cl and X H cl commute, since
However, except for special choices of the Hamiltonian H cl , the operators M Λ H cl and
The unitary Koopman-Schrödinger operator (2),(3) can be written as
Some examples of operators G H cl are given in Table V C.
B. Koopman-Heisenberg representation
One can also define a dynamics on the algebra of observables, which we will call the Koopman-Heisenberg representation, by
Since U K (t) = e −iδ e −itX H cl , it can be also written as
It satisfies the following Koopman-Heisenberg equation
which can be written equivalently as
The last equality can be understood by letting it act on an arbitrary vector ξ ∈ L K :
We remark that the Koopman-Heisenberg dynamics does not involve the phase δ(z, t) we introduced in (2). The Koopman-Heisenberg equation (10) is equivalent to the equation for the time evolution of a classical observable f (p, q)
but written in terms of the corresponding multiplication operator. Thus, the KoopmanHeisenberg equations for the particular observables p and q are equivalent to Hamilton's equations We remark that the generator of the dynamics is an operator that does not belong to the algebra of observables, but it is an external derivation acting on them. Indeed for a Hamilton function H cl the dynamics is defined by the derivation D H cl , acting on the algebra ρ(A) by
This provides a complete framework in which classical mechanics can be considered, from the mathematical point of view, as a particular type of quantum system.
This formulation opens up the possibility to construct models of a quantum system in interaction with a classical one.
IV.
DYNAMICS OF MIXED CLASSICAL-QUANTUM SYSTEMS
We consider a bipartite system composed of a quantum system (Q), defined on a Hilbert space H Q and a classical system (K) with a Koopman Hilbert space L K . The total Hilbert space will be K = L K ⊗ H Q . The observables of the total system will be linear combinations of operators of the form M f ⊗B, whereB is a selfadjoint operator of the quantum system.
We first consider the two subsystems without coupling. The evolution of the quantum subsystem is defined by a Hamiltonian 1 1 K ⊗Ĥ Q 0 / and the one of the classical subsystem by The interaction between the classical and the quantum subsytems is determined by observables that are linear combinations of terms of the form
whereμ i is a self-adjoint operator defined on H Q and g i = g i (p, q) is a function on the classical phase space.
The corresponding dynamics of the interaction is defined by operators of the form
The Schrödinger-Koopman equation for a mixed classical-quantum system can thus be written as
The corresponding Heisenberg-Koopman equation for the dynamics of an observable of the form
A. Example: Stern-Gerlach experiment
We consider a simple model of the Stern-Gerlach experiment, in which the motion of the center of mass of the atom is described classically, and the spin as a quantum variable. The
The states ψ ∈ K can be represented by
The observable corresponding to the total energy is
where S i = ( /2)σ i and σ i are the Pauli matrices.
The operator that generates the corresponding dynamics is
As a simple model we take a magnetic field of the form B = (0, 0, B 3 ) with B 3 ( q) = b 0 −b 1 q 3 , and q = (q 1 , q 2 , q 3 ). We remark that this B cannot be an actual magnetic field,
We use it only as the simplest mathematical illustration of the types of behavior that can be expected. For a recent discussion of realistic models of the Stern-Gerlach experiments see Refs. [9] [10] [11] .
Since the gradient of the magnetic field is only in the q 3 direction, we can restrict the model to one dimension. The Hilbert space is K = L 2 (R 2 , dp dq) ⊗ C 2 , where we denote p ≡ p 3 , q ≡ q 3 . Absorbing −γ into the coefficients, the observable corresponding to the total energy can be written as
The corresponding Koopman-Schrödinger equation is
If we write ψ(t) = (v + (p, q, t), v − (p, q, t)) the above equations become two independent linear partial differential equations of first order:
These equations can be solved explicitly, e.g. with the method of characteristics. The solution corresponding to an initial condition
is given by
where δ ± (p, q, t) is a phase given by
B. Physical interpretation -classical-quantum entanglement
The physical interpretation of ψ = (v + (p, q, t), v − (p, q, t)) is that |v ± (p, q, t)| 2 gives the probability for the center of mass of the particle to have a position q, a momentum p and a spin component ± /2 in the q 3 -direction. This dynamics can be interpreted as follows.
We consider initial conditions that are a tensor product of the spin and the momentumposition, i.e. of the form
with |s + | 2 + |s − | 2 = 1. Thus, in the initial state the spin and the center of mass are not entangled. We consider an initial state that is well-localized both in momentum p and in position q, described e.g. by narrow Gaussians
with p 0 = 0. The limit of complete localization corresponds to
We consider the following four examples of initial conditions:
In (i) and (ii) the wave packet of the center of mass will follow a single trajectory without modification of its shape. It will move and accelerate in the direction ±q 3 , depending on the initial sign of the spin.
In cases (iii) and (iv) the state becomes a coherent superposition of two wave packets for the center of mass, that move in opposite directions. Both packets have the same shape, but the weight is given by a multiplicative factor |s ± | 2 determined by the initial state of the spin. We remark that in this case the spin and the center of mass are entangled, since the state ψ(t) cannot be written as a tensor product of a spin state (s 1 , s 2 ) and a center of mass state ξ(p, q):
since this would imply v + (p, q, t) = β v − (p, q, t), with a constant β.
This example shows that it is possible to entangle a classical and a quantum degree of freedom.
V. BEREZIN-TOEPLITZ QUANTIZATION -GEOMETRIC QUANTIZATION
In this section we review, with a minimum of mathematical formalism, some of the main ideas of Berezin-Toeplitz quantization and its relation with geometric quantization. We also summarize some elements of the theory of coherent states and their application to quantization.
In order to establish the relation between a quantum system and its classical counterpart we have to consider separately the relations between the Hilbert spaces, between the algebras of observables and between the derivations defining the dynamics. A. Selection of a polarization subspace
As a first example we consider a system with one degree of freedom and phase space
, dp dq), i.e. the square-integrable functions on the phase space.
The first step in the procedure of quantization is known in the literature on geometric quantization as the choice of a "polarization", which here we formulate as the choice of a polarization subspace˘ L ⊂ L K . We present a simple description of the construction in terms of action-angle variables I, θ, defined by the canonical transformation
where β 0 is an arbitrary reference constant (with units of a mass times a frequency β 0 = m 0 ω 0 , or equivalently of an action times the square of a length). The function arctan(y, x) of two arguments is defined as the single-valued function that gives the unique angle θ ∈ [0, 2π] such that cos θ = y/ y 2 + x 2 and sin θ = x/ y 2 + x 2 .
Construction of a basis of L K
We will use the following basis of L 2 (R 2 , dp dq), expressed in action-angle coordinates:
where ν m ′ ,m is the normalization factor, and λ is an arbitrary fixed real constant. Since the argument of the exponential should be dimensionless, λ must have the dimension of an action. We remark that a constant that makes the variable dimensionless in the function I (m ′ +m)/2 is included in the normalization factor ν m ′ ,m , to simplify the notation.
One can verify that (16) is a basis of L 2 (R 2 , dp dq) = L 2 (R, dp) ⊗ L 2 (R, dq) by first considering the known basis of L 2 (R, dp)
where H m ′ are the Hermite polynomials, and the basis of L 2 (R, dq)
The set of functions
is therefore a basis L 2 (R 2 , dp dq), and defining the dimensionless complex variable
another basis is given by the functions
which coincides with (16) . We remark that the measure dµ expressed in the complex variables z is dµ(z) := dq dp = 2λd 2 z, with
We can relabel the basis vectors through
and write the basis as
with n ∈ N 0 , k ∈ {−n, −n + 2, −n + 4, . . . , n − 2, n}, ν n = (n! 2π λ n+1 ) −1/2 .
Selection of a polarization subspace˘ L ⊂ L K by the choice of a subset of the basis
The selection of the polarization subspace can be performed by selecting a subset of this basis. In the standard Berezin quantization one selects the subspace˘ L ⊂ L K as follows:
First one chooses a particular value for the constant λ = , where is equal to the constant that we had introduced in Eq. (3), when we introduced a phase in the unitary Koopman evolution. Then one selects the subspace generated by the subset {η n } ⊂ {ξ n,k } of the basis functions defined as
We remark that different choices of the constant λ lead to different subspaces, e.g. the function e 
Definition of an isomorphism between˘ L ⊂ L K and Fock space
The basis (22) of˘ L is labeled by a single index n ∈ N 0 . One can define an isomorphism Ξ between the subspace˘ L (whose elements are functions of p, q) and a Hilbert space H, that will be the Hilbert space of the quantum system, which can be defined formally as the space generated by a set of orthonormal states {|n } n∈N 0 . The isomorphism is defined by Ξ : η n → |n which in the Dirac notation can be written as Ξ := n |n η n |.
As concrete examples for the quantum Hilbert space H we consider two examples:
(i) We can take H as the abstract Fock space F constructed from a ground state |0
and the creation operator a † : |n := ν n (a † ) n |0 .
(ii) One can take H = L 2 (R, dx) and for |n the basis of eigenfunctions of the Hamiltonian of a harmonic oscillator
with m and ω such that mω = β 0 , where β 0 is the constant used in (14), i.e.
Ξ :
where H n are the Hermite polynomials.
Remark: Since z * := I e −iθ , by Eq. (21) the subspace˘ L can be also identified as being isomorphic to the Hilbert space of anti-holomorphic functions g(z * ) [30] [31] [32] , with
, which is the usual formulation in the literature on geometric and Berezin quantization.
Summary:
The polarization subspace˘ L ⊂ L K is the subspace generated by the orthonormal set of functions
with ν n = (n! 2π n+1 ) −1/2 andν n = (n! 2π ) −1/2 . The isomorphism Ξ : η n → |n gives the representation in the quantum Hilbert space H.
B. Toeplitz quantization of the observables
The Toeplitz quantization of operators of the classical Hilbert space consists simply of taking the projection of the operator on the polarization subspace: To a multiplication operator M f acting on L K one associates an operator
where P˘ L is the orthogonal projection from L K to the polarization subspace˘ L. By composition with the isomorphism Ξ one defines the associated operator on H:
which can be expressed in terms of the bases ξ n,k=−n of˘ L and |n of H as
One can calculate the matrix elements for some of the basic polynomial functions explicitly:
and
which leads to their identification in terms of creation-annihillation operators a † , a (either in the abstract Fock space F or in L 2 (R, dx):
We remark that the Berezin-Toeplitz quantization with the chosen polarization subspace yields the operators (32) in anti-normal ordering, i.e. with all theâ † on the right.
If we use the representation H = L 2 (R, dx) defined by the isomorphism (24), and
we obtain
where
C. Toeplitz quantization of the generators of the dynamics -geometric quantization
The Toeplitz quantization, that we first have defined for multiplication operators as the projection into the polarization subspace˘ L, can be extended to the differential operators of the generators of the dynamics:
By composition with the isomorphism Ξ one defines the associated operator on the quantum Hilbert space H:
which can be expressed in terms of the bases η n of˘ L and |n of H as
The Schrödinger equation in the Hilbert space H, corresponding to a classical Hamilton function H cl is thus given by
The Poisson brackets can be expressed in terms of the complex coordinates (17) , choosing
and Λ f as
For a Hamilton function of the form f = z k z * m the quantized generator of the dynamics is given by
This result can be obtained by the following steps: We first determine
Then we determine
which combined with
yields (43) .
Remark: Eq. (43) is a special case of Tuynman's relation [42] , which allows to express the quantization of the generator of the dynamics G f in terms of the Toeplitz quantization of an associated observable τ (f ):
Proposition: (Tuynman's relation [42] )
This relation can be written in a more general context as τ (f ) := f + 4 ∆ dR , where ∆ dR is the de Rham Laplacian, which in our case is given by ∆ dR = − 4 ∂ 2 ∂z∂z * . We notice that in [42] the complex variables z are defined with a convention that differs from ours by a factor √ 2. We remark that
In Table V C we give for some examples of the expressions of the operators Λ f , X f , T f , G f .
We use the notationx = M x ;p = −i ∂ ∂x
. In Table V C we have expressed the quantized operator corresponding to the action I, in the phase representation [12] [13] [14] where the Hilbert space H is generated by the functions {e inθ , n ∈ N 0 }. We remark that there is no simple explicit expression for the T V , G V corresponding to a general potential V (q).
For the harmonic oscillator we have:
= ω(ââ 
D. Quantization by coherent states
Under the assumption that this linear map is continuous, by Riesz's theorem [39] there is a unique vector |ζ z 0 ∈ H such that ∀|ξ ∈˘ L
One can give an explicit expression of the functional ζ z 0 | in terms of the arbitrary orthonormal basis of continuous functions{|η n } ∈˘ L:
since, ∀|ξ ∈˘ L, |ξ = n |η n η n |ξ and thus,
The corresponding vector can thus be written as
The set of vectors |ζ z 0 satisfies the following completeness relation:
where we have used M dµ(z 0 ) η * n ′ (z 0 )η n (z 0 ) = δ n ′ ,n . We remark that, since the evaluation vector |ζ z 0 is a function of z which belongs to the subspace˘ L, we can write it as
In the limit case when the polarization subspace coincides with the total Hilbert spacȇ L = L K , the evaluation vector tends formally to a Dirac delta function:
The following argument shows that the quantized operator C M f defined by Eq. (70) with the coherent states, is identical to the Toeplitz operator (26) defined by projection on the polarization subspace˘ L:
By inserting the representations (65)(66) into (70), we obtain
and using the fact that
and defining the projector P˘ L := n |η n η n | into the polarization subspace˘ L, we can write
which is the Toeplitz operator (26) .
Using the analogues of the evaluation vectors and functionals defined by Eqs (68) in the quantum Hilbert space H (i.e. on Fock space F or in L 2 (R, dx)), the quantized operatorf corresponding to the observable f is given bŷ
The coherent state quantization of the generators of the dynamics can thus be written as
The result is again the same one as the one obtained by Toeplitz quantization:
This can ve verified by an argument along the same line as the one for the multiplication operators:
VI. DEQUANTIZATION BY COHERENT STATES
Coherent states can be used for the opposite process, called dequantization, which is the construction of a classical system for a given quantum model [37, 40] .
The general problem of dequantization can be formulated as follows: Given a quantum system defined on a Hilbert space H, with observablesÂ and a dynamics generated by a HamiltonianĤ, the goal is to find We remark that dequantization is not a classical limit procedure involving → ∞ but a correpondence, i.e. a map that assigns a classical system to a given quantum system.
We remark that the dequantization of the Hamiltonian, i.e. of the generator of the quantum dynamics, is different than the dequantization of the observables. A procedure of dequantization along the above requirements can be formulated using coherent states as follows. 
In order to obtain the function H we have to invert Tuynman's relation (50):
which we can write formally as
h.
Inserting (92) we obtain
We remark that − ∂z∂z * ) −1 is well defined and bounded in a suitably defined function space [42] . However, e − ∂ 2 ∂z∂z * is an unbounded operator, which is the origin of the regularity difficulties of the contravariant symbol. It will be regular if the contravariant symbol is in the domain of the Laplacian.
VII. CONCLUSIONS
In summary, the formalism that we have described allows one to construct models describing the interaction between classical and quantum systems in a well-defined Hilbert space framework. The geometric quantization of a classical system consists of selecting a subspace of the classical Hilbert space of functions on phase space. The quantization of the observables is defined by projecting the classical observables on this subspace. The quantization of the dynamics involves first the addition of a dynamical and a geometrical phase to the classical dynamics and then projecting the generator of the dynamics on the subspace. The dequantization of a quantum model consists of the inverse procedure: given a Hamiltonian, an algebra of observables represented in a Hilbert space, and a set of coherent states, one can construct an associated phase space manifold and the classical Hilbert space of square-integrable functions, with a suitable subspace that gives back the original quantum model when the geometric quantization is performed.
In the definition of the quantum models by Berezin-Toeplitz-geometrical quantization, Planck's constant appears in two places, that can be considered conceptually independent:
The first one is in the phase factor (3) of the pre-quantum Koopman-Schrödinger wave function. The second one is in the selection of the polarization subspace, which depends crucially on the value of the constant . Although in principle the two constants could be taken with two different independent values (to be determined by comparison with experiments), they are taken to be equal to a single constant . 
